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The solut ion of the in tegrod i f fe ren t i a l  e n e r g y  equat ion fo r  an a b s o r b i n g - e m i t t i n g  m e d i u m  involves  con-  
s ide rab le  m a t h e m a t i c a l  d i f f icul t ies .  In view of this  app rox ima te  d i f ferent ia l  equat ions  a r e  widely  employed  
when comput ing  r ad ia t ive  heat  exchange;  they conta in  t r a n s f e r  coef f ic ien ts  a v e r a g e d  o v e r  va r ious  d i rec t ions  
[1-8].  In ana lyz ing  the  r ange  of appl ica t ions  of this  method,  the exact  values  of the t r a n s f e r  coef f ic ien ts  and 
the effect  of t he i r  devia t ion  f r o m  the i r  m e a n  va lues  on the magni tude  of the r ad ia t ive  flux m u s t  be known. 

To evalua te  one -d i m e ns i ona l  r ad i a t ive  f luxes the fol lowing di f ferent ia l  equat ion  was  obtained in [9] to -  
ge the r  with its boundary  condi t ions :  
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where  q is the d imens ion l e s s  rad ia t ive  flux, q = Q / a T ~  (Q is the r e su l t an t  r ad ia t ive  flux; T c is the c h a r a c t e r -  
is t ic  t e m p e r a t u r e ) ;  ~? is the d i m e n s i o n l e s s  coord ina te ,  ~? = y / l ;  ~'o is the opt ica l  t h i ckness  of l a y e r  of th i ckness  
l; fl is the s c a t t e r i n g  coeff ic ient ;  n is the r e f r a c t i o n  coeff ic ient ;  E is the d i m e n s i o n l e s s  h e m i s p h e r i c  r ad ia t ion  
dens i ty  of an abso lu te ly  b lack body; e is the d e g r e e  of p la te  b l ackness ;  r is the  r e f l e c t i on  coeff ic ient ;  I(W, s) 
is r ad ia t ion  in tens i ty  at the point  ~? in the  s d i rec t ion ;  T i s  the axia l ly  s y m m e t r i c a l  s c a t t e r i n g  indiea t r ix ;  and a 
is the S t e f a n - B o l t z m a n n  cons tan t .  

Equat ions  (1)-(3) a r e  exact  and take  into account  the  an i so t ropy  as  well  as the s c a t t e r  of rad ia t ion .  How- 
eve r ,  t he i r  so lu t ion  p r e s e n t s  di f f icul t ies ,  s ince  the values  of the t r a n s f e r  coef f ic ien t s  A, ml ,  m 2 a r e  not known 
in advance .  By se t t ing  A = 1/3,  m 1 = m 2 = 2, one obtains  equat ions  of d i f fe ren t ia l  a p p r o x i m a t i o n  which can  eas i ly  
be solved.  It can  be shown that  the above-adop ted  values  of the  coef f ic ien ts  c o r r e s p o n d  e i the r  to  sphe r i ca l  
i so t ropy  of the  r ad ia t ion  field o r  to  i so t ropy  of the  upper  o r  lower  h e m i s p h e r e .  F o r  op t ica l ly  dense  m e d i a  
with m o d e r a t e  t e m p e r a t u r e  g rad ien t s  the r ad ia t ion  an i so t ropy  is not high [10] and the  values  of the t r a n s f e r  
coef f ic ien ts  r e m a i n  f a i r l y  c l o s e  to t he i r  m e a n  va lues .  A r educ t ion  in opt imal  th i ckness  s t r eng thens  the r a d i -  
a t ion a n i s o t r o p y  and the  coef f ic ien ts  A, ml ,  m 2 s t a r t  to  depend on the r e l a t ive  in tens i ty  d i s t r ibu t ion  of r ad i a t ion  
in d i f ferent  d i r ec t i ons .  In this  a r t i c l e  a n u m e r i c a l  inves t iga t ion  of this  dependence  is c a r r i e d  out as  well  as  a 
c o m p a r i s o n  of the magni tude  of r ad ia t ive  f luxes obtained f r o m  the exact  so lu t ion  by using the equat ions  of dif-  
fe ren t ia l  approx ima t ion .  

The inves t iga t ion  was  c a r r i e d  out on the phys ica l  mode l  shown in Fig.  1. A flat  l a y e r  of r ad ia t ive  ab-  
so rb ing  m e d i u m  opt ica l ly  bounded by a n o n t r a n s p a r e n t  p la te  1 and a t r a n s p a r e n t  p la te  2 is i r r a d i a t e d  f r o m  
above by a d i f fu s ion - r ad i a t i on  s o u r c e  of  t e m p e r a t u r e  @0 (| = T / T c  is the  d i m e n s i o n l e s s  t e m p e r a t u r e ) .  The 
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Fig. i 

TABLE 1 

,To ,'[ 
Oo~1,3 

A l qt l q [ .... l m~ 

0o=1,6  

0 t,172 1,183 
0,005 0 ,25  1 ,204  1,2t8 

0,i 0,035 0 ,15  t,327 1,362 
0,065 0 ,16  t,377 1,427 
0,095 0,t2 1 ,445  t.508 
0,100 t.466 t,529 

0,4 0 0,9593 0,9586 
0,02 0 ,28 t,054 1,066 
0,i4 0,2t t,269 t,338 
0,26 0 ,26 t,290 1,383 
0,38 0,t7 1,4t2 t,515 
0.40 t,486 t.589 

0,8 0 0,7686 0,7580 
0,04 0 ,25 0,9t02 0,9204 
0,28 0 ,25 t,t4t t,220 
0,52 0 ,30 1,153 1,245 
0,76 0 ,23 t,30t 1,399 
0,80 t,439 t,537 

t,0 0 0.6950 0,6827 
0.05 0,24 0,8507 0,862t 
0,35 0 ,27 1,078 1,t58 
0.65 0,31 t,091 i,t75 
0,95 0 ,25 t,245 t,334 
1,00 1,413 1,504 

3,0 0 0,3t24 0,2988 
0,t5 0 ,24 0,4886 0,5037 
1,05 0 ,32 0,6444 0,6723 
1,95 0,34 0,6724 0,67t9 
2,85 0,45 0,8429 0,8648 
3.00 t,253 1,303 

1,90 1,99 

t,84 2,02 

t,82 2,01 

2,836 2,909 
0,23 2 ,914  2,996 
0,t5 3,t81 3.3t7 
0,t8 3 ,258  3,435 
0,12 3 ,455  3,666 

3,524 3,740 

2,338 2,344 
0,25 2.570 2,607 
0,2t 2,987 3,i51 
0,28 3,002 3,220 
0,t7 3,332 3,588 

3,580 3,841 

1,886 t,865 
0,22 2,235 2,263 
0,26 2,665 2,837 
0,31 2,675 2,876 
0,25 3,044 3,279 

3,50t 3,746 

1,709 i,685 
t,82 2,011 0,22 2.096 2,126 

0,28 2,515 2,688 
0,32 2,529 2,709 
0,29 2,904 3,it7 

3,455 3,683 

1,82 1,98 0,7776 0,7508 
0,23 1,223 t,264 
0,33 t,509 1,567 
0,34 1,563 t,550 
0,72 1,915 i,944 

3,188 3,3t4 

t,89 1,99 

t,84 2,00 

1,8i 2,00 

t,81 2,00 

1,77 1,97 

5,0 t,95 

p l a t e s  are  m a in ta ined  at cons tant  t e m p e r a t u r e s  equal  to  | and | r e s p e c t i v e l y .  The heat  t r a n s f e r  within  the 
l a y e r  t a k e s  p l a c e  by radiat ion  and by m o l e c u l a r  heat  conduct ion.  The c a l c u l a t i o n s  are  c a r r i e d  out for  var ious  
opt ica l  t h i c k n e s s e s  and t e m p e r a t u r e s  of the  outer  s o u r c e ,  the  o ther  p a r a m e t e r s  having the  fo l lowing  va lues :  
O i = 0.7; @2 = 1,0; ~ = 0.5; n =  1; fl = 0; r = 0; I w = ~ T 3 c l / X  = 10 (I w i s  the  Ivanov c r i t e r i o n ;  ~, is  the  c o e f f i c i e n t  of 
t h e r m a l  conduct iv i ty ) .  The t e m p e r a t u r e  d i s t r i b u t i o n  in the  l a y e r  under s ta t ionary  heat  condi t ions  w a s  eva lu-  
ated on an e l e c t r o n i c  c o m p u t e r  by us ing  a p r o g r a m  kindly  put at our  d i s p o s a l  by the authors  of [11].  The fo l -  
lowing  r e l a t i o n s  w e r e  used  for  the c o e f f i c i e n t s  A, m l ,  m2: 

"[o 
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A = o , (4) 
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where 

TO 
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i 
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T. 
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The in tegra ls  appear ing  in (4)-(6), namely ,  

To To To 

.t' F (t) K o I T - -  t I dt, S O'(t) K1 (t) dt, .I 6)4 (t) g l  (% - -  t) dr ,  
0 0 0 

a re  i m p r o p e r  in tegra l s  of the second kind and depend on a p a r a m e t e r .  The i r  convergence  can  be proved  by 
using the Cauchy tes t .  

To calcula te  the exact  values of the d imens ion less  radia t ive  fluxes the following re la t ion  was used: 

To 

ql = 2 (B ,K~ (~) - -  B2K  8 (% - -  ~) - -  J F (t) K2 J ~ - -  t l dt). (7) 
0 

All the in tegra ls  appear ing  in the exp res s ions  (4)-(7) we re  evaluated by using the Gauss  quadra tu re  
formula .  Equations (1)-(3) (for A = 1/3, m 1 = m 2 =  2) we re  solved by using f in i t e -d i f fe rences .  Some resu l t s  
a r e  shown in Table  1 (the absolute values of the radia t ive  fluxes a re  shown). 

Analyzing the obtained resu l t s ,  one finds that a modif icat ion of the l aye r  optical  th ickness  has only a 
slight effect on the values  of the coeff icients  mr,  m2, and a s t r onge r  effect on the coeff icient  A. In the region 
of low optical th ickness  the values of the coefficient  A may  vary  by a lmos t  300% f r o m  the averaged  value; 
however,  the d i f ference  between the exact  and the approx imate  solution is slight (never exceeding 9%). One 
can explain this as follows. For  fl=0 the second t e r m  in Eq. (1) is of the o r d e r  0ff~), and the third,  0(T0). 
For  TO<< 1 the second t e r m  is negligible, and an inexact value of the coeff icient  A does not r e su l t  in a g rea t  
e r r o r  in the magni tude of the rad ia t ive  flux. The appl icabi l i ty  of the different ial  approximat ion  in the region 
of low optical  th ickness  was a lso  noted in [7, ] 2, 13]. With the l a y e r  optical  th ickness  increas ing  the value of 
A comes  c lose  to 1/3. For  r 0 > 1 the exact  and approx imate  solutions a r e  p rac t i ca l l y  identical;  the e r r o r  in- 
c r e a s e s  somewhat  (up to 7~ only near  the boundar ies  where  the radia t ion  anisot ropy is m o r e  essen t ia l .  In 
the invest igated range  of optical  th ickness  the t e m p e r a t u r e  change of the outer  sources  has no noticeable effect  
on the e r r o r .  Calculat ion r e su l t s  show that  the inc rease  in the values  of the coeff icients  A and m 2 in Eqs. 
(1)- (3) r e su l t s  in higher  absolute  values  of the rad ia t ive  flux, and the i nc rea se  in the coeff icient  m 1 lowers  
the value of Iq [. 

The obtained resu l t s  demons t r a t e  that  the differential  approximat ion  r ema ins  valid for  a wide range of 
optical  th i cknesses  and canbe  applied successfu l ly  in the  calculat ions of rad ia t ive  or  complex heat exchange. 
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I N T R O D U C T I O N  

In modeling the supersonic flow of a relaxing gas around a solid body it is important  to make a detailed 
physicochemical  analysis  of the internal s t ruc ture  of the flow. The working gas used to simulate the rea l f low 
often comprise 's  gas mixtures  obtained by the combustion of hydrocarbon fuels and contains CO2, N2, O2, and 
H20 molecules .  Of special  interest  in simulation problems is the circumfluence of a nonequilibrium flowwith 
an inverted population of the vibrational levels of the CO 2 molecules .  A calculation of the amplification fac tor  
for the (0001)- (1000) t ransi t ion of the CO 2 molecule  during the development of indirect  jumps in compress ion  
(shock waves) in an inverted medium was presented in [1]; there  was a reduction in amplification factor  for 
the v ib ra t iona l - ro ta t iona l  t ransi t ion P(20) over  the p r e s s u r e  range in which the grea tes t  contribution to spec-  
t ra l - l ine  broadening was due to the coll ision mechanism.  A fall or  r i se  in amplification factor  was observed 
in [2], according to the intensity of the shock wave and the rotational quantum number.  

In this paper  we shall study the changes taking place in the amplification fac tor  when blunt solids are  
immersed  in a gas flow (both in the subsonic and in the supersonic par ts  of the shock wave) as the angle of 
inclination of the shock wave to the direct ion of the incident flow varies f rom 90 ~ to the Math angle; we shall 
also study the influence of small  per turbat ions t ravel ing through the inverted medium on the amplification 
factor .  

w It is well known [3] that for  the v ib ra t i ona l - ro t a t i ona l  t ransi t ion (0001)- (1000) the amplification 
factor  of a weak signal may be wri t ten 

G = (t) A..js~v~-c)iN~ -- (g./g=)N,d (a/Ac)H(a ,0), (1.1) 

where ~. is .the wavelength of the transit ion;  Anm is the Einstein coefficient for the spontaneous t ransi t ion 
u ~ m ;  c is the velocity of light; the pa r ame te r  a = (Ac/A D) J~'~'; Ac is the half-width of the line accounted 
for by collisions; A D is the Doppler half-width; N n, Nm, gn, gm are  the populations and stat is t ical  weights of 
the upper and lower levels,  respect ively;  and H(a, 0) is the Voigt function in the center  of the line. The t em-  
pe ra tu re  dependence of the shock half-width was taken as proport ional  to T -1/2. 

Let us cons ider  the ax tsymmetr ica l  passage  (around a cyl inder  with spherical ly  blunted ends) of a non- 
viscous supersonic  homogeneous flow of relaxing gas mixture with an inverted population in the incident flow 

Moscow. Translated f rom Zhurnal Prikladnoi Mekhaniki i Tekhnicheskoi Fiziki, No. 5, pp. 13-20, Sep- 
t ember -October ,  1975. Original ar t ic le  submitted October 6, 1975. 

This material is protected by copyright registered in the name of  Plenum Publishing Corporation, 227 West 17th Street, New York, iV. Y. 10011. No part [ 
o f  this publication may be reproduced, stored in a retrieval system, or transmitted, in any form or by any means, electronic, mechanical, photocopying, ] 
microfilming, recording or otherwise, without written permission o f  the publisher. A copy o f  this article is available from the publisher for $Z50, [ 

609  


